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1
$T>0$ $f\in L^{2}(T)$ ,
$\kappa\in \mathbb{R}^{1}$
$\{\begin{array}{ll}\frac{d}{dt}u(t)+\kappa u(t)=f(t), t\in J=(O, T], (1a)u(0)=0, (1b)\end{array}$
$u_{h}$
apriori
$\Vert u_{h}’\Vert_{L^{2}(J)}\leq C\Vert f\Vert_{L^{2}(J)}$ . (2)
$C$ $f$ , ( $\kappa$ $T$ )
$C$
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1.1
[1,3]
$\{\begin{array}{ll}\frac{\partial}{\partial t}w-\nu\triangle w+(b\cdot\nabla)w+cw=g, in \Omega\cross J,w(x, t)=0, on \partial\Omega\cross J,w(x, 0)=0, on \Omega,\end{array}$
$\Vert w\Vert\leq C_{\mathcal{L}_{t}^{-1}}\Vert g\Vert$ ,
$C_{\mathcal{L}_{t}^{-1}}$ $t\in J=$
$(0, T)\subset \mathbb{R},$ $x\in\Omega\subset \mathbb{R}^{d},$ $l\ovalbox{\tt\small REJECT}\in \mathbb{R}$ $b\in L^{\infty}(J;L^{\infty}(\Omega))^{d},$ $c\in$
$L^{\infty}(J;L^{\infty}(\Omega)),$ $g\in L^{2}(J;L^{2}(\Omega))$ [1] $\Omega\cross J$ [3]
$\Omega$
[1] $\frac{\partial}{\partial t}u-l\ovalbox{\tt\small REJECT}\triangle u=g$
$S_{h}^{k}$ $\{u\in L^{2}(J:H_{0}^{1}(\Omega))\cap H^{1}(J;L^{2}(\Omega)), u(x, 0)=0 in \Omega\}$
( $h$ $k$ $\Omega$ $J$ )
$( \frac{\partial}{\partial t}u_{h}^{k},$ $v_{h}^{k})_{L^{2}(J;L^{2}(\Omega))}+\iota$ $(u_{h}^{k},$ $v_{h}^{k})_{L^{2}(J;H_{0}^{1}(\Omega))}=(g,$ $v_{h}^{k})_{L^{2}}(J;$ $(\Omega))’\forall_{v_{h}^{k}}\in S_{h}^{k}$ ,
$u_{h}^{k}\in S_{h}^{k}$











$J$ $k$ $L^{2}$-Sobolev $H^{k}(J)$ $V^{1}(J)$
$V^{1}(J):=\{u\in H^{1}(J),$ $u(O)=0\}$ .
$h$ $S_{h}$ $V^{1}(J)$ $S_{h}$
$\{\phi_{i}\}_{1\leq i\leq n}$
$P_{h}^{0}:L^{2}(J)arrow S_{h}(J)$
$(u-P_{h}^{0}u, v_{h})_{L^{2}(J)}=0$ , $\forall v_{h}\in S_{h}(J)$ , (3)
$L^{2}$-projection
$u_{h}\in S_{h}$ (1) $f_{h}\in S_{h}$ $f$ $u_{h},$ $f_{h}$
$a,$ $b\in \mathbb{R}^{n}$
$u_{h}= \sum_{i=1}^{n}a_{i}\phi_{i}$ , $f_{h}= \sum_{i=1}^{n}b_{i}\phi_{i}$ , (4)
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$V^{1}(J)$ ( ) (2)
(1)
$u(t)= \int_{0}^{t}e^{\kappa(s-t)}f(s)ds$ ,
$\Vert u’\Vert_{L^{2}(J)}$ $=$ $\Vert-\kappa u+f\Vert_{L^{2}(J)}$
$\leq$ $|\kappa|\Vert u\Vert_{L^{2}(J)}+\Vert f\Vert_{L^{2}(J)}$
$=$ $| \kappa|\Vert\int_{0}^{t}e^{\kappa(s-t)}f(s)ds\Vert_{L^{2}(J)}+\Vert f\Vert_{L^{2}(J)}$
$\leq$ $( \frac{1}{2}(e^{-2\kappa T}+2\kappa T+1)^{1/2}+1)\Vert f\Vert_{L^{2}(J)}$ ,
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(1)
$f\in L^{2}(J),$ $\text{ _{}u\in V^{1}(J)}s.t$ .
$(u’+\kappa u, v)_{L^{2}(J)}=(f, v)_{L^{2}(J)}$ , $\forall_{v\in V^{1}(J)}$ , (5)
$\kappa\geq 0$
$\kappa\Vert u\Vert_{L^{2}(J)}^{2}$ $\leq$ $\frac{1}{2}u(T)^{2}+\kappa\Vert u\Vert_{L^{2}(J)}^{2}$
$=$ $(u,u’)_{L^{2}(J)}+(u, \kappa u)_{L^{2}(J)}$
$=$ $(u’+\kappa u, u)_{L^{2}(J)}$
$=$ $(f,u)_{L^{2}(J)}$
$\leq$ $\Vert f\Vert_{L^{2}(J)}\Vert u\Vert_{L^{2}(J)}$ ,
$\Vert u’\Vert_{L^{2}(J)}$ $\leq$ $|\kappa|\Vert u\Vert_{L^{2}(J)}+\Vert f\Vert_{L^{2}(J)}$
$\leq$ $2\Vert f\Vert_{L^{2}(J)}$ ,
2.3 1
$u_{h}\in S_{h}$
$(u_{h}’+\kappa u_{h},v_{h}’)_{L^{2}(J)}=(f,v_{h}’)_{L^{2}(J)}$ , $\forall_{v_{h}\in S_{h}}$ ,
$\kappa\geq 0$
$\Vert u_{h}’\Vert_{L^{2}(J)}^{2}$ $\leq$ $\Vert u_{h}’\Vert_{L^{2}(J)}^{2}+\frac{\kappa}{2}u_{h}(T)^{2}$
$=$ $(u_{h}’,u_{h}’)_{L^{2}(J)}+\kappa(u_{h}, u_{h}’)_{L^{2}(J)}$
$=$ $(f, u_{h}’)_{L^{2}(J)}$
$\leq$ $\Vert f\Vert_{L^{2}(J)}\Vert u_{h}’\Vert_{L^{2}(J)}$ ,




$u_{h}\in S_{h}$ $f$ $f_{h}\in S_{h}$
$(u_{h}’+\kappa u_{h}, v_{h})_{L^{2}(J)}=(f, v_{h})_{L^{2}(J)}$ , $\forall_{v_{h}\in S_{h}}$ , (6)
$(f_{h}, v_{h})_{L^{2}(J)}=(f, v_{h})_{L^{2}(J)}$ , $\forall_{v_{h}\in S_{h}}$ , (7)
(6) (1) (5)
$L,$ $R,$ $D,$ $G\in \mathbb{R}^{n\cross n}$ $g\in \mathbb{R}^{n}$
$L_{ij}:=(\phi_{i}, \phi_{j})_{L^{2}(J)}$ , $R_{\dot{\tau}j};=(\phi_{i},$ $\phi_{j}’)_{L^{2}(J)}$ , $D_{ij};=(\phi_{i}’,$ $\phi_{j}’)_{L^{2}(J)}$ ,
$G:=R+\kappa L$ , $g_{i}:=(\phi_{i}, f)_{L^{2}(J)}$ ,
$G$ (4)
$\Vert u_{h}’\Vert_{L^{2}(J)}^{2}=a^{T}Da$ , $\Vert f_{h}\Vert_{L^{2}(J)}^{2}=g^{T}Lg$ ,
(4), (6), (7)
$Ga=g$ , $Lb=g$ , (8)
(7)
$\Vert f_{h}\Vert_{L^{2}(J)}\leq\Vert f\Vert_{L^{2}(J)}$ ,
(8)
$\frac{\Vert u_{h}’||_{L^{2}(J)}^{2}}{||f\Vert_{L^{2}(J)}^{2}}\leq\frac{||u_{h}’||_{L^{2}(J)}^{2}}{||f_{h}||_{L^{2}(J)}^{2}}=\frac{g^{T}G^{-T}DG^{-1}g}{g^{T}L^{-1}g}$ , (9)




$\sup_{g\neq 0}\frac{g^{T}G^{-T}DG^{-1}g}{g^{T}L^{-1}g}=\Vert L^{T/2}G^{-T}DG^{-1}L^{1/2}\Vert_{2}$ , (11)
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$h$ (11) (2)
MATLAB $R2010a$ INTLAB 6.0
VERSOFT10
[5]
$\kappa\approx 0$ $harrow 0$ $u_{h}’\approx f_{h}$ (9) 1
$\kappa=0$ $harrow 0$
(11) $+\infty$
1 $h,$ $\kappa$ (11)
$\kappa$ $h$ $h$
$\Vert u_{h}’\Vert_{L^{2}(J)}$ $\Vert f_{h}\Vert_{L^{2}(J)}$
$10^{-3}$ $10^{-2}$ $10^{-1}$
$h$
1: (10) $(T=1)$ .
3
(10) $harrow 0$
$0=t_{0},$ $\cdots,t_{n}=T$ $h=t_{i}-t_{i-1}$ $(i=1, \cdots, n)$
$n$ 1,




$\phi_{i}(t_{j})=\{\begin{array}{ll}1, i=j,0, i\neq j,\end{array}$




$=$ $P_{h}^{0}(u’)+\kappa u_{h}$ ,
3.1 $\kappa=0$
$u=u_{h},$ $f=u_{h}’$ 2, 3 $f_{h}=P_{h}^{0}(u’)$
$\Vert u_{h}’\Vert_{L^{2}(J)}$ $g$
$\Vert u_{h}’\Vert_{L^{2}(J)}^{2}=h^{-2}T$, $g_{i}=\{\begin{array}{ll}0, i=1, \cdots,n-1,1/2, i=n,\end{array}$
$\Vert f_{h}\Vert_{L^{2}(J)}$
$\Vert f_{h}\Vert_{L^{2}(J)}^{2}=(f_{h},f_{h})_{L^{2}(J)}=(f, f_{h})_{L^{2}(J)}=g^{T}b=b_{n}/2$ ,
















$p_{0}=1$ , $p_{1}=2$ , $p_{i+1}=4p_{i}-p_{i-1}$ , $(i=1,2, \cdots)$ ,
$q_{0}=1$ , $q_{1}=4$ , $q_{i+1}=4q_{i}-q_{i-1}$ , $(i=1,2, \cdots)$ ,
$L^{-1_{ij}}= \frac{6}{p_{n}h}(-1)^{i+j}\cross\{\begin{array}{l}p_{n-j}q_{i-1}, i\leq j,p_{n-i}q_{j-1}, i\geq j,\end{array}$ (13)
(13) $\{p_{i}\},$ $\{q_{i}\}$
$p_{i+1}=2q_{i}-q_{i-1}$ , $(i\geq 1)$ ,














$\Vert u_{h}’\Vert_{L^{2}(J)}^{2}=h^{-2}T$, $\Vert u_{h}\Vert_{L^{2}(J)}^{2}=T/3$ ,
$\Vert f_{h}\Vert_{L^{2}(J)}$
$\Vert f_{h}\Vert_{L^{2}(J)}$ $\leq$ $\Vert P_{h}^{0}(u’)\Vert_{L^{2}(J)}+\Vert\kappa u_{h}\Vert_{L^{2}(J)}$ ,
$\Vert P_{h}^{0}(u’)\Vert_{L^{2}(J)}$ $\kappa=0$ $\Vert f_{h}\Vert_{L^{2}(J)}$
$\frac{||u_{h}’||_{L^{2}(J)}}{||f_{h}||_{L^{2}(J)}}$ $\geq$ $\frac{||u_{h}’||_{L^{2}(J)}}{\Vert P_{h}^{0}(u’)\Vert_{L^{2}(J)}+\Vert\kappa u_{h}\Vert_{L^{2}(J)}}$
$=$ $\frac{||u_{h}’\Vert_{L^{2}(J)}}{\Vert P_{h}^{0}(u’)\Vert_{L^{2}(J)}+|\kappa|T/3}$ ,
$\kappa\neq 0$ $\Vert u_{h}’\Vert_{L^{2}(J)}/\Vert f_{h}\Vert_{L^{2}(J)}$ $O(h^{-1/2})$
4
3 (10) $f$ $harrow 0$
(6)
(2) $C$ $f$ ,
22 $($Vl $(J))$ (2)
( (S), 20224001)
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